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In this paper, we propose a new algorithm to finding all forms of soliton solutions
and periodic solutions of nonlinear equations. And we successfully solve Burgers–Fisher
equation. The method can also be applied to other nonlinear partial differential equations.
© 2009 Published by Elsevier Ltd
1. Introduction
In the past years, many powerful and direct methods have been developed to find special solutions of NEE(s), such as
the inverse method [1], Backlund transformation [2], Hirota bilinear method [3], numerical methods [4], the symmetry
reduction [5], the Wronskian determinant technique [6] et al. Jointed with computer, many algebraic method developed,
such as tanh method [7], F expanded method [8], exp-function method [9] and so on.
In this paper, we present a new algorithm to find some new soliton solutions, and other forms of solutions to NEE(s)
compared with the famous Tanh-Coth method [10].
2. Method and algorithm
Step 1: Considering a non-linear evolution equation, with a physical field u, and two independent variables x, t as
F(u, ut , ux, utx, utt , uxx . . .) = 0. (1)
Then we seek travelling wave solutions to Eq. (1) in the form u(x, t) = u(ξ), ξ = k(x + ct), which leads to be a nonlinear
ordinary differential equation,
G(u, u′, u′′, . . .) = 0, (2)
where the prime denotes d/dξ .
Step 2: Then, by introducing f ($), g($) and parameter of δ, we derive a uniform frame for soliton solutions and periodic
solutions in Ref. [11]:
u(ξ) =
N∑
i=−N
aif i($)+
N∑
i=1
bif i−1($)g($)+
−1∑
i=−N
cif i($)g($), (3)
with d$dξ = g($), f ($)2 − g($)2 = δ, df ($)d$ = g($), dg($)$ = f ($), and δ2 = 1, where a0, a±1 . . . a±N , b1 . . . bN ,
c−1 . . . c−N , k, c are constants to be determined later. N can be determined by balancing the highest degree linear termwith
nonlinear term in (3).
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We can see that
when δ = 1, f ($) = cosh($), and g($) = sinh($),
u(ξ) =
N∑
i=−N
ai(− coth(ξ))i −
N∑
i=1
bi(− coth(ξ))i−1(csch(ξ))−
−1∑
i=−N
ci(− coth(ξ))i(csch(ξ)). (4)
When δ = −1, f ($) = sinh($), and g($) = cosh($),
u(ξ) =
N∑
i=−N
ai(− cot(ξ))i +
N∑
i=1
bi(− cot(ξ))i−1(csc(ξ))+
−1∑
i=−N
ci(− cot(ξ))i(csc(ξ)). (5)
Step 3: Substituting (6) into Eq. (2), we obtain a finite series of f k($)g i($) (k = 0, 1; i = 0, 1 . . .m).
Step 4: Set the coefficients of f k($)g i($) obtained in Step 3 to zero, and we get a set of algebraic equations with respect to
the unknown ai, bi, ci, k, c.
Step 5: Solve the equations, and ai, bi, ci, k, c may contain δ. Then substitute them into (4) and (5). We can obtain soliton
solutions and periodic solutions by discussing the value of δ.
3. Application of the method
In this section, we will use our method to find solutions to Burgers–Fisher equation:
ut = uxx + uux − u(1− u). (6)
Letting u(t, x) = u(ξ), ξ = k(x+ ct), then Eq. (6) can be expressed as
cku′ − k2u′′ − kuu′ − u(1− u) = 0. (7)
By balancing the highest degree linear term u′′ with nonlinear term uu′, N = 1. So we can set
u(ξ) = a0 + a1f ($)+ a−1f ($) + b1g($)+ c−1
g($)
f ($)
. (8)
Substituting (8) into Eq. (7), then the left-hand sides of Eq. (7) is converted into a finite power series of f k($)g i($). If we set
each coefficient of powers to zero, there is a set of algebraic equations for a−1, a1, a0, b1, c−1, k and c , we omit the equations.
Solving the above over-determined nonlinear algebraic equations, we can obtain:
Case 1. a0 = 12 , a−1 = −
√
δ
2 , c−1 = i2 , c = 52 , a1 = b1 = 0, k = 12√δ ;
Case 2. a0 = 12 , a−1 =
√
δ
2 , c = 52 , a1 = b1 = c−1 = 0, k = − 14√δ ;
Case 3. a0 = 12 , a1 = 12√δ , c = 52 , b1 = a−1 = c−1 = 0, k = − 14√δ ;
Case 4. a0 = 12 , a1 = 14√δ , a−1 =
√
δ
4 , c = 52 , b1 = c−1 = 0, k = − 18√δ ;
Case 5. a0 = 12 , a1 = − 12√δ , b1 = 12√δ , c = 52 , a−1 = c1 = 0, k = 12√δ ;
Case 6. a0 = 12 , a1 = − 12√δ , b1 = − 12√δ , c = 52 , a−1 = c1 = 0, k = 12√δ .
Then, letting δ = 1, we find the following six types of soliton wave solutions solutions to Eq. (4):
u1 = 12 −
1
2
tanh(ξ)+ i
2
sech(ξ), ξ = 1
2
(
x+ 5
2
t
)
;
u2 = 12 −
1
2
tanh(ξ), ξ = −1
4
(
x+ 5
2
t
)
;
u3 = 12 −
1
2
coth(ξ), ξ = −1
4
(
x+ 5
2
t
)
;
u4 = 12 −
1
4
coth(ξ)− 1
4
tanh(ξ), ξ = −1
8
(
x+ 5
2
t
)
;
u5 = 12 +
1
2
coth(ξ)− 1
2
csch(ξ), ξ = 1
2
(
x+ 5
2
t
)
;
u6 = 12 +
1
2
coth(ξ)+ 1
2
csch(ξ), ξ = 1
2
(
x+ 5
2
t
)
.
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While substituting δ = −1 into Case 1–Case 6, we can also derive other six forms of u(ξ) as follows:
u7 = 12 +
i
2
tan(ξ)− i
2
sec(ξ), ξ = − i
2
(
x+ 5
2
t
)
;
u8 = 12 −
i
2
tan(ξ), ξ = i
4
(
x+ 5
2
t
)
;
u9 = 12 +
i
2
cot(ξ), ξ = i
4
(
x+ 5
2
t
)
;
u10 = 12 +
i
4
cot(ξ)− i
4
tan(ξ), ξ = i
8
(
x+ 5
2
t
)
;
u11 = 12 −
i
2
cot(ξ)− i
2
csc(ξ), ξ = − i
2
(
x+ 5
2
t
)
;
u12 = 12 −
i
2
cot(ξ)+ i
2
csc(ξ), ξ = − i
2
(
x+ 5
2
t
)
.
The solutions we obtained here are more abundant than those by means of the Tanh–Coth method in Ref. [10].
4. Summary
When applying our proposed method to Eq. (1), a rich variety of solutions which include solitary solutions and periodic
wave solutions are obtained at the same time. And as indicated before, our proposed algorithm is more general than the
algebraic method [10] and proved to be simple and efficient.
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